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A B S T R A C T

3D full-field scanning laser Doppler vibrometry (3D FFS LDV) offers significant advantages, including non- 
contact measurement, wide frequency bandwidth, and high accuracy, demonstrating considerable value in 
structural health monitoring, modal analysis, and ultrasonic testing applications. This paper investigates novel 
scanning and alignment control methodologies for 3D FFS LDV systems. First, the relationship between the 
control model of 2D rotating mirrors and the spatial vectors of laser beams is investigated. A laser beam attitude 
control algorithm is developed and implemented to estimate the laser spot positions, thereby achieving precise 
scanning control of the laser beam. Based on this foundation, a novel laser 3D alignment method based on 
singular value decomposition is proposed, which is a mathematical method that decomposes a matrix into 
simpler components to solve linear algebra problems. This method is designed to solve the transformation matrix 
between the probe and measurement coordinate systems, and this matrix can describe the spatial correlation 
between two distinct coordinate systems and enable coordinates conversion between them, enabling orthogonal 
measurement of vibration in the global coordinate system. Experimental validation demonstrates that the pro
posed method achieves laser scanning and control errors of 0.2 ~ 0.4 mm using fitting orders m = 2 and n = 2 
with 8–9 non-concentrated calibration points. Practical testing verified that the 3D alignment accuracy on the 
pipe surface is within 4.71 %, while the simulation results verify that the 3D alignment accuracy on complex 
wavy surfaces is within 2.64 %, providing a reliable foundation for subsequent vibration velocity decomposition 
and modal analysis applications.

1. Introduction

Laser Doppler Vibrometer (LDV) is a non-contact instrument that 
measures vibration velocities on the surface of vibrating objects. This 
technology offers significant advantages, including no contact loading, 
high accuracy, and broad bandwidth, with applications spanning 
diverse fields such as modal testing and analysis, structural health 
monitoring, and ultrasonic flaw detection [1–3]. An LDV projects a laser 
beam onto a vibrating target surface, where the Doppler effect induces a 
frequency shift in the scattered light relative to the reference beam. The 
vibration velocity of the target is then obtained by detecting this fre
quency shift [4,5].

LDV systems can be classified into three categories: one-dimensional 
(1D), three-dimensional (3D), and three-dimensional full-field scanning 
(3D FFS) systems. 1D LDV is limited to measuring only the component of 

surface vibration along the laser beam direction [6–8]. When the angle 
between the laser beam and vibration direction becomes too large, the 
measured vibration amplitudes are significantly attenuated or may 
become undetectable. Furthermore, 1D LDV is inherently limited in its 
ability to fully characterize the 3D modal properties of an object. A 3D 
LDV can be configured by integrating three 1D LDVs with their laser 
beams converging at a single point, enabling simultaneous measurement 
of vibrations in three directions. Through coordinate transformation, the 
three non-orthogonal velocity measurements at a single point are 
decomposed and synthesized to achieve 3D vibration measurement 
within the global world coordinate system (WCS). When the measure
ment point changes, the orientation and position of all the three LDVs 
must be readjusted to ensure that the three laser beams converge at the 
new point. In contrast, 3D FFS LDV controls the two-axis deflection of 
three laser beams to make the beams traverse freely across the structural 
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surface while consistently converging at a single point. This eliminates 
the need to adjust the position and orientation of the three LDVs, thereby 
facilitating comprehensive 3D vibration measurements across the entire 
field.

Several research efforts have implemented 3D vibration measure
ments through sequentially positioning a single 1-D LDV at three 
different locations to illuminate the same measurement point. Dongkyu 
Kim conducted 3D vibration measurements by repositioning a single 1-D 
LDV and laser scanner at three distinct positions; although this approach 
offers cost advantages, it cannot synchronously acquire instantaneous 
3D vibration velocities, thereby limiting its application scope [9,10]. 
Pierre Margerit mounted a 1D LDV on an industrial six-axis robotic arm 
and achieved target 3D velocity measurements by controlling the 
end-effector position and orientation, offering advantages of high flex
ibility and efficiency [11]. However, this method cannot simultaneously 
capture instantaneous 3D vibration velocities and introduces assembly 
errors associated with the robotic arm. Seppe Sels proposed a real-time 
estimation method for a single 1-D LDV’s orientation and position based 
on matching camera images with CAD models, enabling real-time 
measurement of vibrations in any arbitrary direction on an object’s 
surface; this method does not constitute true synchronous 3D velocity 
measurement and exhibits approximately 20 % greater error compared 
to conventional approaches using three tripod-mounted 1-D LDVs [12]. 
The aforementioned studies, which achieve 3D vibration measurements 
through translational or rotational positioning of a single 1-D LDV, 
demonstrate relatively low measurement efficiency and accuracy. These 
approaches cannot synchronously measure instantaneous 3D vibrations 
and are therefore applicable only to scenarios where vibration patterns 
remain stable or occur repeatedly.

3D LDV employs three 1-D LDVs to synchronously measure vibra
tions in three directions at a specific point on the measured object. 
Christian Rembe achieved picometer-level amplitude resolution by uti
lizing a main probe to emit a laser beam while three probes simulta
neously received reflected light from the measured object [13]. 
However, due to the fixed relative positions of the three probes, the 
intersection point of the three laser beams remains stationary, thereby 
limiting the measurement range and preventing scanning-based mea
surements. Miyashita measured 3D vibrations using three 1-D LDVs and 
calculated the unit vectors of the three probe emission beams in the 
global WCS based on known grid point coordinates on a calibration 
plate. A transformation matrix from the three laser beam unit vectors to 
the global WCS was then constructed to facilitate 3D vibration mea
surements. When the measurement point changes, the orientation and 
position of all three LDVs require readjustment to ensure that the three 
laser beams converge at a single point [14]. Building upon the 3D LDV 
foundation, 3D FFS LDV controls the spatial position and direction of 
emission beams through three pairs of rotating mirrors to realize 3D FFS 
vibration measurements of large-scale objects. Zhu developed a 
Continuous Scanning Laser Doppler Vibrometer (CSLDV, a type of 3D 
FFS LDV) that employs an external controller to synchronize the 
movement of three LDV laser beams, facilitating scanning-based mea
surements of 3D vibrations [15–19]. Nevertheless, this approach re
quires a calibration plate to determine the transformation matrix from 
the three beam unit vectors to the global coordinate system. In sum
mary, 3D FFS LDV demonstrates the most significant advantages; how
ever, precise control of the three pairs of rotating mirrors and accurate 
beam vector coordinate transformation remain critical challenges.

Both directionally fixed 3D LDV and variable beam direction 3D FFS 
LDV systems share a fundamental limitation: each vibrometry probe can 
only measure vibration velocity along its own emitted laser beam di
rection in the local probe coordinate system (PCS), with the three laser 
beams being non-orthogonal to each other. To obtain 3D vibration 
components in the global WCS, the vibration velocities measured along 
three non-orthogonal directions in the PCS must be transformed into 
three velocity components in the global WCS. This transformation ne
cessitates the calculation of unit vectors for each probe’s emitted laser 

beam within the global WCS. The spatial directions of laser beams 
emitted by the three LDVs are known within their respective PCSes; 
therefore, the key to achieving 3D vibration measurements lies in 
obtaining the transformation matrices from the local PCSes to the global 
WCS. Specifically, this method is designed to solve the transformation 
matrix between the local PCSes and the global WCS — this matrix can 
describe the spatial correlation between these two distinct coordinate 
systems, enable coordinate conversion between them, and further sup
port orthogonal measurement of vibration in the global coordinate 
system. The measured laser-direction velocities from each probe are 
transformed into 3D vibration components in the global coordinate 
system using the derived rotation matrices.

To address coordinate transformation issues in 3D alignment, 
various researchers have proposed diverse calibration methods and 
improvement strategies. However, limitations in these approaches pro
vide critical directions for improvement in the present study. Zeng 
employed the least squares method with four or more alignment points 
to determine the directional transformation matrix [20]. However, this 
approach is significantly influenced by initial iterative values during the 
iteration process and requires a relatively accurate initial estimate. The 
method potentially yields two transformation matrices with opposite 
signs, necessitating further identification of the correct transformation 
matrix. Martarelli extended Zeng’s calibration method by utilizing a 
theodolite to obtain world coordinates of calibration points. They 
investigated uncertainty sources from both theoretical and experimental 
perspectives and analyzed how the quantity and distribution of align
ment points affect calibration accuracy [21]. Xu and Miles formulated 
an inverse method for determining transformation matrices by utilizing 
four reference points with known world and probe coordinates. The 
transformation matrix was obtained through the multiplication of the 
world coordinate matrix and the inverse of the probe coordinate matrix 
[22]. However, this method does not guarantee that the resulting matrix 
is orthogonal, which is inconsistent with physical reality and potentially 
introduces certain errors. Furthermore, the four reference points 
employed in this method must be distributed across different planes, 
making it suitable only for curved surfaces or other complex structures. 
To address these limitations, Chen improved upon the aforementioned 
methods by implementing singular value decomposition. Their 
approach calculates LDV’s position and orientation using four or more 
target points with known coordinates, ensuring orthogonal trans
formation matrices applicable to arbitrary structures and enabling ac
curate determination of 3D velocity vectors [15]. However, this method 
requires a calibration board to achieve satisfactory accuracy.

This paper designs and implements an integrated hardware-software 
system for 3D alignment and scanning control for 3D FFS LDV. A geo
metric model for the emitted beam of two-axis cascaded rotating mirrors 
is established, yielding the mathematical relationship between emission 
vectors and rotation angles of two-dimensional rotating mirrors. A 
polynomial fitting-based method for laser scanning calibration and 
control is subsequently proposed. Precise control of the probe’s laser 
beam incident position is achieved by manipulating the angles of two 
rotating mirrors, enabling high-precision 3D scanning control across 
multiple laser grid points. A 3D alignment algorithm based on singular 
value decomposition is proposed and validated for determining the 
rotation matrices between individual PCSes and the global WCS. 
Experimental results demonstrate that the algorithm exhibits excellent 
applicability and alignment precision. The proposed method offers ad
vantages of low computational complexity and high accuracy, ensuring 
strictly orthogonal transformation matrices that provide a foundation 
for subsequent applications of 3D vibration’s orthogonal decomposition 
in the WCS.

2. Principles of scanning and alignment

The designed 3D scanning laser control system is illustrated in Fig. 1. 
This system comprises three structurally identical laser scanning probes, 
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a front-end scanning control system, and a camera. Each probe in
corporates a laser rangefinder and a pair of two-axis rotating mirrors 
with fixed relative positions, enabling both spatial angle control of the 
emitted beam and precise distance measurement of the laser spot. The 
mathematical model for the rotating mirrors and laser spot position is 
established in Section 2.1. Based on this foundation, a polynomial 
fitting-based algorithm for controlling the spatial angle of laser beams is 
developed in this study. This algorithm achieves precise control of laser 
spots within the calibration region by fitting polynomial coefficients 
between the screen pixel coordinates of laser spot centers and the cor
responding two mirror rotation angles. Detailed principles are presented 
in Section 2.2. To decompose and synthesize the measured non- 
orthogonal vibration velocities along the laser beam directions in the 

PCSes into the global WCS, a 3D alignment algorithm based on singular 
value decomposition is proposed. The algorithm unifies the coordinate 
systems of the three vibrometry probes by calculating the rotation and 
translation matrices between probe 1 and probe 2, as well as between 
probe 1 and probe 3. This establishes a foundation for subsequent ap
plications such as vibration velocity’s 3D orthogonal decomposition and 
modal analysis. The specific 3D alignment principle is described in 
Section 2.3.

2.1. Mathematical model of two-axis rotating mirrors

Each laser probe consists of a pair of rotating mirrors and a laser 
rangefinder. Rotating mirrors M1 and M2 are driven by separate motors, 

Fig. 1. System block diagram. (a) Front-end scanning control system. (b) Two-axis rotating mirror. (c) 3D alignment method.

Fig. 2. Laser rotation control method via two mirrors. (a) Rotating mirror’s geometric mode. (b) l two-axis mirror’s rotation mod el.
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with their angular positions maintaining a linear correspondence to the 
applied motor voltages. As illustrated in Fig. 2, a right-handed Cartesian 
PCS O2-XYZ is established with the center O2 of mirror M2 as the origin, 
where the Y-axis is the rotation axis of mirror M2. The rotation axis 
positions and initial angles of mirrors M1 and M2 are fixed during 
manufacturing. The rotation angles of mirrors M1 and M2 are denoted as 
α and β, respectively. When α = β = 0, the laser beam passes sequentially 
through the centers of M1 and M2. Within the O2-XYZ coordinate sys
tem, the unit spatial vector of the laser beam emitted from the laser 
source is denoted as S = (0,1, 0)T. The unit vectors of the rotation axes 
for mirrors M1 and M2 are designated as m1 =

(
m1x,m1y,m1z

)Tand m2 

=
(
m2x,m2y,m3z

)T, respectively. The initial normal vectors of M1 and 

M2 when α= 0 or β=0 are represented by n1 =
(
n1x, n1y, n1z

)T and n2 =
(
n2x, n2y, n2z

)T.
Using the unit vector m1 of M1′s rotation axis, the rotation matrix R1 

for the normal vector of M1 can be constructed as follows [23]: 

R1 = eγ̂1α = I + γ̂1sinα + γ̂1
2
(1 − cosα) (1) 

where I represents the identity matrix, 

γ̂1 =

⎛

⎝
0 − m1z m1y

m1z 0 − m1x
− m1y m1x 0

⎞

⎠ (2) 

The reflection matrix M1 for the laser beam by mirror M1 is 
expressed as: 

M1 =
(
I − 2(R1n1)(R1n1)

T) (3) 

In the O2-XYZ coordinate system, the center point O1 of mirror M1 is 
known, and the normal vector of M1 is n1α = R1n1. Consequently, O1 

and n1α uniquely determine the linear equation of the laser beam O1P2
→̅̅̅̅→

after reflection from M1. Similarly, the normal vector of M2 is n2β =

R2n2, thus O2 (0, 0,0)T and n2β uniquely determine the plane equation 

of M2. Therefore, the intersection point P2 of O1P2
→̅̅̅̅→

with M2 can be 
calculated, which represents the reflection point of the laser beam on 
M2.

The reflection matrix M2 for the laser beam by mirror M2 is 
expressed as: 

M2 =
(
I − 2(R2n2)(R2n2)

T) (4) 

Therefore, the unit vector P2P3
→̅̅̅̅→

of the laser beam after reflection 
from mirrors M1 and M2 is given by: 

OL = M2M1S (5) 

The spatial coordinates of P3 of the laser spot on the measured object 
can be determined using the coordinates of the intersection point P2, the 
emitted laser beam unit vector OL, and the distance L between the 

emission point and the measured object, through the equation O2P3
→̅̅̅̅→

=

O2P2
→̅̅̅̅→
+ L⋅OL.

In the 2D rotating mirror system designed in this study, within the 
O2-XYZ coordinate system, the unit vectors of the rotation axes for M1 
and M2 are m1 = (1, 0,0)T and m2 = (0, 1,0)T, respectively, while the 
coordinates of the M1 center O1 are (0,0, − d). When α=β=0, mirrors M1 
and M2 are at their initial angles, with M1 forming a 45◦ angle with the 
XOZ plane and M2 forming a 45◦ angle with the YOZ plane. The initial 

normal vectors of M1 and M2 are n1 =
(
0, −

̅̅̅
2

√
/2,

̅̅̅
2

√
/2
)T andn2 =

(
−

̅̅̅
2

√
/2,0, −

̅̅̅
2

√
/2
)T, respectively. The spatial vector of the laser 

beam on the measured object is ultimately derived as: 

O2P3
→̅̅̅̅→
= O2P2

→̅̅̅̅→
+ L⋅OL =

⎛

⎝
− Lcos(2β)

Lsin(2α) − d⋅tan (2α)
− Lcos(2α)sin (2β)

⎞

⎠ (6) 

where L represents the distance measured by the laser rangefinder from 
the emission point on rotating mirror M2 to the incident point on the 
measured object.

2.2. Laser beam control algorithm

As indicated by Eq. (6), the coordinates of the laser spot on the 
measured object are uniquely determined by the distance and deflection 
angles of the rotating mirrors. To precisely control the position of the 
laser spot on the measured object surface and achieve automated 
scanning, a camera is employed to map the three-dimensional spatial 
coordinates of the laser spot to a screen pixel coordinate system, thereby 
monitoring the convergence of laser spots from the three probes. As 
illustrated in Fig. 3, several calibration points are selected on the surface 
of the measured object. The pixel coordinates 

(
xi, yi

)
corresponding to 

each marked point Pí are recorded, along with the deflection angles 
(αi, βi) of the rotating mirrors when the laser spot is positioned at point 
Pi. A mapping relationship between the rotation angles of the mirrors 
and the corresponding laser pixel coordinates at these calibration points 
is established and used to realize precise movement of the laser to 
arbitrary positions on the measured object. This process constitutes a 
fundamental and essential step for PCS alignment of the three probes 
and co-point scanning control of the laser beams.

According to Eq. (6), the coordinates of the measured object in the 
PCS can be determined using the rotation angles of the mirrors. In 
conjunction with the camera’s pixel coordinate system, a 2D polynomial 
function is employed to fit the mathematical relationship between the 
mirror rotation angles and the corresponding pixel coordinates of the 
calibration points. This relationship enables control of the three laser 
beams to consistently converge at the same point and perform precise 
scanning across the calibrated region. The fitting function is presented 
as: 
⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

αi =
∑m

j=0

∑n

k=0
Ajkxj

iy
k
y

βi =
∑m

j=0

∑n

k=0

Bjkxj
iy

k
y

(7) 

Assuming i calibration points are selected to solve for the polynomial 
coefficient matrices A and B that establish the relationship between 
deflection angles α and β of rotating mirrors M1 and M2 at the cali
bration points and their corresponding pixel coordinates in the screen 
coordinate system. The calculation formulas are presented as follows: 

⎡

⎢
⎢
⎢
⎢
⎣

A00
A01
A10
⋮

Amn

⎤

⎥
⎥
⎥
⎥
⎦
=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 x1
1 y1

1 … xm
1 yn

1

1 x1
2 y1

2 … xm
2 yn

2

1 x1
3 y1

3 … xm
3 yn

3

⋮ ⋮ ⋮ ⋮ ⋮
1 x1

i y1
i … xm

i yn
i

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

+

⎡

⎢
⎢
⎢
⎢
⎣

α1
α2
α3
⋮
αi

⎤

⎥
⎥
⎥
⎥
⎦

(8) 

⎡

⎢
⎢
⎢
⎢
⎣

B00
B01
B10
⋮

Bmn

⎤

⎥
⎥
⎥
⎥
⎦
=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 x1
1 y1

1 … xm
1 yn

1

1 x1
2 y1

2 … xm
2 yn

2

1 x1
3 y1

3 … xm
3 yn

3

⋮ ⋮ ⋮ ⋮ ⋮
1 x1

i y1
i … xm

i yn
i

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

+

⎡

⎢
⎢
⎢
⎢
⎣

β1
β2
β3
⋮
βi

⎤

⎥
⎥
⎥
⎥
⎦

(9) 

The coordinate matrix in the above equation is typically non-square, 
therefore its pseudoinverse must be computed to solve for the coefficient 
matrix.

After obtaining the polynomial coefficient matrices A and B within 
the calibration region, the pixel coordinates on the screen can be 
substituted into Eq. (7) to determine the corresponding rotation angles α 
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and β of the mirrors to achieve precise control over the laser spot 
position.

2.3. 3D alignment algorithm

The WCS serves as the foundation for 3D alignment algorithms. This 
paper establishes the WCS directly on one of the three probes. According 
to the mathematical model derived in Section 2.1, when the WCS is 
established based on the PCS, the coordinates of the laser spot in WCS 
can be calculated given the known rotation angles of the probe’s rotating 
mirrors and the distance to the laser spot. During the calibration process 
for this probe, the mapping between the WCS and the pixel coordinate 
system is simultaneously calibrated using Eqs. (7)-(9) in Section 2.2. It 
means this calibration process inherently includes the calibration of the 
camera’s intrinsic parameters.

Any local PCS can be designated as the global WCS. In this study, the 
PCS of probe 1 is selected to serve as the reference WCS. Assuming the 
vibration velocity magnitudes measured in the local PCSes of probes 1, 
2, and 3 are V1, V2, and V3 respectively, the three vector components of 
the measured vibration velocity can be calculated using Eq. (6) in the 
probe coordinate system. Taking V1 as an example, it can be calculated 
as follows: 

V1 = V1e1 (10) 

where e denotes the unit direction vector of the laser beam emitted by 
the probe in the PCS.The resultant 3D vibration velocity vector V in the 
WCS is obtained using Eq. (11): 

V =

⎡

⎣
e1

T

R12e2
T

R13e3
T

⎤

⎦

− 1

⋅

⎡

⎣
V1
V2
V3

⎤

⎦ (11) 

where R12 and R13 represent the rotation matrices between the WCS and 
the PCSes of probes 2 and 3, respectively. Therefore, the key to 
achieving 3D velocity measurement lies in determining the rotation 

matrices between the world coordinate system and the probe coordinate 
systems.

In the 3D alignment algorithm, several points can be selected in both 
the WCS and the PCS. By substituting the distances measured by the 
laser rangefinder and the probe rotation angles into Eq. (6), the co
ordinates in both coordinate systems can be obtained, forming two point 
sets {pi : i= 1,2,⋯, n} and 

{
pí : i = 1,2,⋯,n

}
. The following relation

ship exists between these two point sets [24]: 
⎡

⎢
⎢
⎣

xʹ
i

yʹ
i

źi

⎤

⎥
⎥
⎦ = T + R

⎡

⎣
xi
yi
zi

⎤

⎦+ Ni (12) 

where [ xi yi zi ]
T and 

[
x́i ýi źi

]T represent the coordinate vectors 
of point pi in the global WCS and point pí in the local PCS, respectively, 
and Ni denotes the noise matrix. The rotation matrix R is determined by 
minimizing the noise vector Ni, which can be formulated as: 

min (F(R)) = min

(
∑n

i=1
‖pʹ

i − (Rpi +T)‖2

)

(13) 

Defining pʹ = 1
N
∑N

i=1 pʹ
i, p = 1

N
∑N

i=1 pi, qʹ
i = pʹ

i − pʹ and qi = pi − p, 
then 

min(F(R)) = min

(
∑n

i=1
‖qʹ

i − Rqi‖
2

)

= min

(
∑n

i=1

(
qʹT

i qʹ
i +qT

i qi − 2qʹT
i Rqi

)
)

(14) 

Therefore, minimizing this expression is equivalent to maximizing 
the value of 

∑N
i=1 qʹT

i Rqi, and this can be transformed into solving for the 
trace of the matrix as follows: 

Fig. 3. Laser beam control via rotating mirror and camera feedback.
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max

(
∑N

i=1
qʹT

i Rqi

)

= max

(

Trace

(
∑N

i=1
Rqiq

ʹT
i

))

= max(Trace(RH))

(15) 

where H =
∑N

i=1 qiq
ʹT
i , this matrix can be decomposed using the singular 

value decomposition (SVD) method, which is a mathematical method 
that decomposes a matrix into simpler components to solve linear 
algebra problems. The decomposition is as follows: 

H = UΛVT (16) 

where U and V are 3 × 3 orthogonal matrices, and Λ is a 3 × 3 diagonal 
matrix with non-negative elements.

When R = VUT, the Trace(RH) reaches its maximum value [25], 
resulting in pʹ

i = Rpi + T, which indicates that the calculated matrix R 
represents the rotation matrix between the WCS and the PCS. Using the 
obtained rotation matrix R and Eq. (10), the 3D vibration velocity V in 
the WCS can be determined.

3. Scanning and alignment parameter testing

3.1. Experimental configuration and methodology

An experimental apparatus was constructed as illustrated in Fig. 4, 
comprising three structurally identical laser probes and a camera. Each 
laser probe consists of a laser rangefinder and a 2D rotating mirror 
system. A host personal computer (PC) serves as the master controller of 
the system, running customed software developed using the Qt frame
work. This software performs several key functions: 

1. Controlling over the rotation angles of the 2D rotating mirrors M1 
and M2.
2. Reading the distance measurements from the laser rangefinder.
3. Capturing the laser spot positions on the test structure in real-time 
via the camera.
4. Solving the rotation matrix and decomposing the vibration ve
locity vector.

The parameters of the camera and the laser rangefinder are shown in 

Table 1.
A pipe was selected as the test object. Various parameters affecting 

the performance of the laser beam direction control algorithm were 
tested, including fitting order, number of calibration points, and cali
bration point distribution. Tests were conducted on the number and 
distribution of calibration points for the 3D alignment algorithm to 
investigate their effects on the accuracy of the proposed algorithm.

3.2. Laser scanning control parameter testing

3.2.1. Polynomial fitting order testing
The distance r between the probe containing the rotating mirrors and 

the test structure was fixed at approximately 300 mm. Comparative 
experiments were conducted using different fitting orders (m, n) in (7), 
specifically (1, 1), (2, 1), (2, 2), (2, 3), (3, 2), (3, 3), (3, 4), (4, 3), and (4, 
4). To facilitate comparison and eliminate other influencing factors, 8 
calibration points were used, distributed approximately uniformly 
within a rectangular region. The distribution of calibration and valida
tion points is illustrated in Fig. 5.

The rotation angles of the two mirrors were adjusted to direct the 
laser beam to different calibration points, and the corresponding angles 
and pixel coordinates were recorded. The polynomial coefficients were 
calculated using Eqs. (8) and (9), thereby completing the calibration. 

Fig. 4. Experimental apparatus.

Table 1 
Hardware parameter summary.

Hardware Parameter Specification

Camera Pixel 2.3 million
Pixel size 4.8 × 4.8 μm
Resolution 1920 × 1200 pixels
Frame rate 164 fps

Lens Focal length 25 mm
Laser rangefinder Laser type Photo diode

Laser wavelength 660 nm
Measurement range 0.05 ~ 30 m
Ranging accuracy 1 mm
Measurement frequency 0 ~ 30 Hz

2D rotating mirrors Reflectivity 99 %
Scanning speed 25 Kpps
Control accuracy 8 μRad
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After calibration, the laser spot was moved to validation points with 
known mirror rotating angles. The rotation angles of both mirror axes 
corresponding to these points were then calculated from the pixel co
ordinates using Eq. (7). Subsequently, the calculated rotation angles 
were compared with the known actual angles of these points to deter
mine the angular control error. Finally, the displacement control error at 
each point was calculated by multiplying the distance between the 
validation point and the rotating mirrors by the sine of the angular error. 
To minimize the influence of outliers, the root mean square error 
(RMSE) was calculated across all validation points to quantify the 
average error. This RMSE was used as the error evaluation parameter for 
experiments testing different fitting orders, numbers of calibration 
points, and calibration point distributions. The specific calculation 
method is given in Eq. (17): 

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

RM1 = r ×

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

∑N

i=1
(αi − αit)

2

/

N

√
√
√
√

RM2 = r ×

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

∑N

i=1
(βi − βit)

2

/

N

√
√
√
√

(17) 

where RM1, RM2 represent the root mean square error values the distance 
deviation of the laser spot in two directions, r = 300 mm, N is the 
number of validation points, αi and βi are the measured angles of the two 
mirror axes when reaching the specified validation points, while αit and 
βit denote the actual angles corresponding to these validation points.

7 fixed validation points within the calibration region were selected 
for error analysis, with the final error testing results illustrated in Fig. 6.

As demonstrated by the experimental results, the average positioning 
error for both mirror axes at the validation points achieves its minimum 
value when employing a polynomial fitting order of (2, 2) within the 

Fig. 5. Fitting order test experiment.

Fig. 6. Fitting order test results. (a) X-axis errors. (b) Y-axis errors.
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calibrated measurement region. When the fitting order is too low, the 
fitting model cannot adequately capture the nonlinear relationship be
tween the laser spot positions and mirror rotating angles, resulting in 
insufficient control precision. Conversely, when the fitting order is 
excessively high, the model complexity increases, which tends to cause 
overfitting and consequently leads to large control errors.

3.2.2. Calibration point number testing
To verify the effect of calibration point quantity on the precision of 

the laser spot control algorithm, experiments were conducted with 12 
different sets of calibration points while maintaining a constant cali
bration region size. The number of validation points was maintained at 
seven with fixed positions, thereby ensuring the comparability of 
experimental results. The error calculation formula is shown in Eq. (17), 
with the root mean square error of validation points adopted as the 
evaluation metric. Through error analysis under different calibration 
point quantities, the relationship curve between the number of cali
bration points and error was obtained, as illustrated in Fig. 7.

The experimental results clearly demonstrate a significant negative 
correlation between the number of calibration points and measurement 
error. As the number of calibration points increases, the RMSE exhibits a 
pronounced downward trend. Specifically, when the number of cali
bration points increases from 2 to 8, the error drops dramatically from 
approximately 38 mm to <1 mm, indicating that increasing the number 
of calibration points during this phase significantly can enhance algo
rithm precision. However, when the number of calibration points ex
ceeds 8, the error curve stabilizes, with values maintaining around 0.4 
mm, suggesting that further increases in calibration points yield 
diminishing marginal returns in precision improvement, and the algo
rithm performance approaches saturation. Based on these experimental 
results, it can be concluded that in practical applications, the number of 
calibration points should be reasonably selected according to precision 
requirements and computational resource constraints. Under general 
circumstances, 8 calibration points are sufficient to meet basic precision 
requirements. Therefore, in practical applications, 8 or 9 calibration 
points are preferentially selected to ensure high precision while avoiding 
excessive computational resource consumption.

3.2.3. Calibration points distribution testing
To investigate the influence of calibration point distribution on the 

precision of the attitude control algorithm, two experimental configu
rations were implemented: 8 calibration points approximately 

uniformly distributed around the validation points within the calibra
tion area of the image captured by the camera, and 8 calibration points 
distributed away from the validation points within the calibration area 
of the image, as illustrated in Fig. 8(a) and 8(b), respectively. The error 
calculation methodology adopts the RMSE as Eq. (17) of validation 
points as the evaluation criterion.

The test results are presented in Table 2. The results demonstrate that 
when the distribution area of calibration points fails to cover the region 
containing validation points, measurement errors increase significantly. 
In contrast, when validation points are located within the calibration 
region, errors are substantially lower. It is therefore evident that in 
practical 3D topography measurements, when the measured object has a 
relatively large volume, a method of uniformly distributed calibration 
points should be adopted to enhance measurement precision.

3.3. 3D alignment algorithm performance testing

When conducting the 3D alignment performance testing, the probe 1 
was fixed, with the PCS 1 serving as the WCS, while the other two probes 
were rotated around the Z-axis by arbitrary known angles relative to the 
probe 1. Subsequently, the method proposed in this paper was employed 
to determine the rotation matrices between the PCS 2 and the WCS, and 
between the PCS 3 and the WCS. The vector error integration method 
was adopted to calculate the solution error of the rotation matrices. 
Assuming an arbitrary unit vector in space nʹ = (sinθ cosσ, sinθ sinσ,
cosθ), where θ represents the angle between this vector and the Z-axis of 
the coordinate system with θ ∈ (0,π), and σ represents the angle between 
the projection of this vector on the XY plane and the X-axis with σ ∈ (0,
π). Both θ and σ vary from 0 to π. After fixing the positions of the three 
probes, rotation angles were measured using a high-precision angle 
gauge (repeatability error 0.05◦), and the reference rotation matrices Rc 
between the probe 1 and the two other probes were obtained through 
coordinate system rotation transformation. During the measurement, 
the reference surface of the angle gauge was first brought into intimate 
contact with the mechanical datum surface of the probe 1 and zero- 
calibrated. It was then precisely rotated around its Z-axis until its 
measuring surface aligned with the datum surface of the probe 2 (or the 
probe 3), after which the reading from the angle gauge was recorded.

The unit vector n’ was multiplied separately by the calculated 
rotation matrix R and the reference rotation matrix Rc, yielding the 
corresponding unit vectors nwc and nw in the WCS. 

Fig. 7. Test results of the number of calibration points. (a) X-axis errors. (b) Y-axis errors.
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{
nwc = Rcnʹ

nw = Rnʹ (18) 

The error vector eerror is obtained by subtracting the reference result 
nwc from the calculated result nw: 

eerror = nwc − nw =
(
Ex,Ey,Ez

)T (19) 

where Ex, Ey, and Ez represent the X-axis, Y-axis, and Z-axis components 
of the error vector eerror, respectively. eerror represents the spatial devi
ation between the error-containing vector rotated by the matrix ob
tained from the alignment operation and the error-free vector rotated by 
the reference matrix. According to Eq. (11), the vibration velocity vec
tors in the PCS are transformed via rotation matrices to the WCS and 
then superimposed to generate 3D vibrometry data.

To assess the overall system error, a normalized double integral of 
the 2-norm of the error vector eerror is performed over the domains of θ 
and σ: 

Eerr =

∫ π
0

∫ π
0 ‖eerror‖2dσdθ

π2 (20) 

where the 2-norm represents the average spatial deviation between the 
error-containing vector rotated by the matrix obtained from the align
ment operation and the error-free vector rotated by the reference ma
trix.. The normalized integration of this norm yields the relative distance 
error between algorithm-calculated alignment points and their actual 
counterparts.

In subsequent experiments, the quantity and distribution of cali
bration points for 3D alignment operation were varied, and the errors of 
rotation matrices obtained under different conditions were calculated 
based on the reference rotation matrices. This error evaluation meth
odology was employed to analyze the directional errors of the two 
rotation matrices at different scanning mirror rotation angles. Based on 
the experimental results, the optimal quantity and distribution of cali
bration points were determined.

3.3.1. Calibration point number testing
To verify the impact of calibration point quantity on the precision of 

the 3D alignment algorithm, systematic experimental analysis was 
conducted while maintaining consistent calibration region size and 
point distribution. 10 different calibration point quantities were estab
lished in the experiment, and the corresponding rotation matrices were 
calculated under each condition.

As the coordinate system of probe 1 serves as the WCS, only the er
rors of the calculated rotation matrices between probes 2, 3 and the WCS 
needed to be evaluated, with results illustrated in Fig. 9. In this analysis, 
F12 represents the error of the rotation matrix between probe 2 and the 
WCS calculated using Eq. (20), while F13 represents the error of the 
rotation matrix between probe 3 and the WCS. Fig. 9 demonstrates that 
the errors of the 3D alignment algorithm do not significantly decrease 
with increasing calibration point quantity, generally remaining within a 
10 % when the calibration point quantity is 4~13.

3.3.2. Calibration points distribution testing
As demonstrated in the preceding discussion, increasing or 

decreasing the number of calibration points does not significantly affect 
the accuracy of the 3D alignment algorithm. Therefore, in this section, 6 
calibration points were utilized to further examine the influence of 
calibration point distribution on algorithm accuracy under both uniform 
and concentrated distribution conditions. Fig. 10(a) and (b) illustrate 
the uniform and concentrated distributions of calibration points on the 
pipe, respectively. Experimental errors were calculated using Eq. (20), 
with the 2-norm of the error vector serving as the evaluation criterion. 
The experimental results are presented in Table 3. It can be seen that 

Fig. 8. Distribution of calibration points. (a) Calibration points surround measurement points. (b) Calibration points are away from measurement points.

Table 2 
Test results of different distribution of calibration points.

Test 
Point

Error when calibration region 
surrounding measurement points

Error when calibration region is 
away from measurement points

Absolute error 
(mm)

RMSE 
(mm)

Absolute error 
(mm)

RMSE 
(mm)

1 (− 0.05, 0.04) (0.1,0.2) (− 2.9, − 23.4) (7.6,43.9)
2 (− 0.01, − 0.1) (− 0.6, − 6.2)
3 (− 0.2, 0.4) (0.3, − 1.3)
4 (0.2, 0.02) (− 4.4, − 34.9)
5 (0.04, − 0.1) (− 9.4, − 71.6)
6 (0.08, − 0.1) (− 0.1, − 5.9)
7 (− 0.2, − 0.1) (− 16.8, − 80.8)

Fig. 9. Results of the number of 3D calibration points.
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uniformly distributed calibration points can improve precision to within 
5 %. The results indicate that uniformly distributed calibration points 
yield smaller algorithm errors, whereas non-uniform, concentrated 
distributions lead to significantly increased errors. Therefore, in 3D 
alignment applications, calibration points should be distributed as uni
formly as possible across the measured area to minimize algorithm 
errors.

3.3.3. Summary
In summary, after sufficient experimental exploration, the study has 

obtained the influence of key parameters on laser scanning control and 
3D alignment accuracy. The results are summarized in Tables 4 and 5.

From Table 4, it can be concluded that the scanning control algo
rithm can achieve optimal performance when the fitting order is (2,2) 

and the number of calibration points exceeds 8.
From Table 5, it can be concluded that the number of calibration 

points does not affect the accuracy of the 3D alignment algorithm. To 
achieve the optimal performance of the algorithm, it is necessary to 
ensure that the calibration points are evenly distributed within the 
calibration area of the image captured by the camera.

4. Accuracy testing of 3D alignment

Section 3 provides a comprehensive analysis of various parametric 
factors affecting the accuracy and stability of scanning control and 3D 
alignment methods, including polynomial fitting order, calibration 
point quantity, and calibration point distribution. Section IV presents a 
research evaluation of 3D alignment accuracy based on the optimal al
gorithm parameters identified from the aforementioned test results, 
assessing the precision of the proposed 3D alignment algorithm.

In this section, the experimental methodology is identical to that 
described in Section III. In the experiment, the coefficient matrices A and 
B of the laser control algorithm were obtained from Section III. Subse
quently, the laser was controlled to scan six uniformly distributed points 
to solve for the rotation matrices. The solved rotation matrices and the 
measured reference rotation matrices were substituted into Eqs. (18)-
(19) to calculate the errors. The results are illustrated in Fig. 11, where 
(a) displays the errors along the X, Y, and Z axes for rotation matrix R12 
between the PCS 2 and the global WCS, while (b) shows the corre
sponding errors for rotation matrix R13 between the PCS 3 and the global 
WCS.

Statistical analysis was conducted on the error components in Fig. 11
when the rotation matrix is applied to an arbitrary unit vector nʹ =
(sinθ cosσ, sinθ sinσ, cosθ) with θ and σ varying from 0 to π. The X, Y and 
Z error components of the probe 2 range from-4.09 % to 6.15 %, − 5.14 

Fig. 10. Distribution of calibration points. (a) Uniformly distribution. (b) Dense distribution.

Table 3 
Calibration points distribution testing results.

Probe 
No.

Error analysis for uniform 
distribution

Error analysis for concentrated 
distribution

2 5.0 % 10.2 %
3 4.7 % 24.0 %

Table 4 
Scanning control error under different calibration parameters.

Influencing parameters Values RMSE(mm)

X-axis Y-axis

Fitting order (1,1) 0.34 1.15
(1,2) 0.15 0.44
(2,1) 0.21 0.63
(2,2) 0.19 0.14
(2,3) 0.38 0.58
(3,2) 0.92 0.56
(3,3) 2.75 1.92
(3,4) 23.99 16.39
(4,3) 18.66 28.41
(4,4) 78.46 94.26

Number of calibration points 2 44.92 39.63
3 44.07 38.65
4 18.39 13.43
5 2.64 3.03
6 2.48 2.39
7 0.31 1.05
8 0.13 0.36
9 0.18 0.28
10 0.14 0.29
11 0.16 0.26
12 0.12 0.26
13 0.13 0.38

Distribution of calibration points Uniform 0.1 0.2
Concentrated 7.6 43.9

Table 5 
3D alignment error under different calibration parameters.

Influencing parameters Values Relative error

Probe 2 Probe 3

Number of calibration points 4 9.19 % 6.76 %
5 1.92 % 1.93 %
6 4.86 % 3.96 %
7 4.99 % 4.70 %
8 5.63 % 3.81 %
9 6.38 % 5.12 %
10 4.95 % 1.72 %
11 7.88 % 5.45 %
12 6.35 % 6.92 %
13 9.33 % 6.38 %

Distribution of calibration points Uniform 5 % 4.7 %
Concentrated 10.2 % 24 %
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% to 5.51 %, − 2.38 % to 4.15 %, respectively, with average absolute 
errors of 3.15 %, 2.56 % and 1.67 %, root mean square errors of 3.55 %, 
2.96 % and 2.06 %, respectively, and maximum errors of 6.15 %, 5.51 % 
and 4.15 %. The X, Y and Z error components of the probe 3 range from- 
3.88 % to 3.88 %, − 2.67 % to 2.67 %, − 4.53 % to 4.71 %, respectively, 
with mean absolute errors of 2.49 %, 1.71 % and 1.90 %, root mean 
square errors of 2.76 %, 1.90 % and 2.35 %, respectively, and maximum 
errors of 3.88 %, 2.67 % and 4.71 %. Furthermore, when the parameters 

θ and σ vary from 0 to π, as shown in Eq. (20), a 2-norm is used to 
represent the distance between the alignment point calculated by the 
algorithm and the actual alignment point. The normalized integration of 
this norm yields the relative distance error calculated by the algorithm 
between the alignment point and its actual counterpart. The 2-norm 
error was 4.27 % for the probe 2 and 4.71 % for the probe 3. The 
analysis shows that the errors of the probes 2 and 3 along all three axes 
remain essentially stable within the maximum range of 4.71 %.

Fig. 11. 3D alignment error of pipe surface via applying the rotation matrix to an arbitrary unit vector nʹ = (sinθ cosσ,sinθ sinσ,cosθ). (a) X, Y, Z error component of 
the probe 2; (b) X, Y, Z error component of the probe 3.

Fig. 12. Complex wavy surface’s simulation model.
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To validate the applicability of the proposed method to more com
plex surfaces, a wavy surface was selected as a representative case for 
investigation. Due to the challenges associated with physically 
manufacturing such a wavy surface, this study was conducted using 
SolidWorks simulations. A 3D model, as shown in Fig. 12, was created in 
SolidWorks.

The evaluation method uses the "Coordinate System" function under 
"Reference Geometry" to establish three probe coordinate systems 
within the 3D model, enabling the acquisition of the 3D coordinates of 
any point on the measured object in these different coordinate systems. 
To closely mimic real experimental conditions, random errors were 
introduced into the simulation for parameters such as angles and dis
tances. The angular error was set with a range of ±0.006◦ and the dis
tance error was ±1 mm; they are consistent with the actual performance 
of the physical components used in the experiments. The results ob
tained under the condition of uniformly distributed calibration points 
are presented in Fig. 13.

A statistical analysis was performed on the error components shown 
in Fig. 13. The X, Y and Z error components of the probe 2 range from- 
2.56 % to 2.34 %, − 2.09 % to 2.09 %, − 2.73 % to 2.49 %, respectively, 
with average absolute errors of 1.54 %, 1.26 % and 1.12 %, with root 
mean square errors of 1.71 %, 1.40 % and 1.37 %, and with maximum 
errors of 2.56 %, 2.09 % and 2.73 %. The X, Y and Z error components of 
the probe 3 range from − 3.13 % to 1.90 %, − 3.00 % to 2.91 %, − 2.15 % 
to 1.26 %, respectively, with mean absolute errors of 1.61 %, 1.55 % and 
0.87 %, with root mean square errors of 1.82 %, 1.74 % and 1.07 %, and 
with maximum errors of 3.13 %, 3.00 % and 2.15 %. Furthermore, when 
the parameters θ and σ vary from 0 to π, as shown in Eq. (20), a 2-norm is 
used to represent the distance between the alignment point calculated 
by the algorithm and the actual alignment point. The normalized 

integration of this norm yields the relative distance error calculated by 
the algorithm between the alignment point and its actual counterpart. 
The 2-norm error was 2.52 % for the probe 2 and 2.64 % for the probe 3. 
The analysis result shows that the errors of the probes 2 and 3 along all 
three axes remain essentially stable within the maximum range of 2.64 
%. This result demonstrates that the proposed method can also be 
effectively applied to complex surfaces.

5. Conclusion

(1) A generalized geometric model for 2D rotating mirrors was 
established to mathematically describe the relationship between 
mirror rotation angles and spatial vectors of emitted laser beams. The 
model enables precise estimation of the incident laser spot position, 
and subsequently achieves changes in spot position by adjusting the 
rotation angles of the scanning mirrors. This model is a key prereq
uisite for implementing three-dimensional scanning control and 
three-dimensional alignment operations.
(2) A laser orientation control algorithm was proposed to establish 
coordinate transformation relationships through polynomial fitting 
to achieve automatic scanning and precise control of laser incidence 
spots. Research demonstrates that optimal control precision is ach
ieved with fitting order (2, 2), and errors are maintained within 0.2 
mm; accuracy is maximized with 8–9 calibration points, and the 
errors are within 0.4 mm; uniformly distributed calibration points in 
pipe conditions enable precision within 0.2 mm. This method com
bines the advantages of high accuracy and computational simplicity.
(3) A 3D alignment algorithm based on singular value decomposition 
was developed to achieve precise alignment of three laser probes in 
3D FFS LDV by determining coordinate transformation matrices. The 

Fig. 13. 3D alignment error of complex wavy surface via applying the rotation matrix to an arbitrary unit vector nʹ = (sinθ cosσ, sinθ sinσ, cosθ). (a) X, Y, Z error 
component of the probe 2; (b) X, Y, Z error component of the probe 3.
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measured laser-direction velocities from each probe were trans
formed into 3D vibration components in the global coordinate sys
tem using the derived rotation matrices. This capability is 
particularly crucial for applications like ultrasonic testing, where 
accurately measuring the full-field, out-of-plane and in-plane com
ponents of ultrasonic wave propagation is essential for defect 
detection and material characterization. Experimental validation 
confirms that calibration point quantity has minimal impact on ac
curacy, and errors are consistently maintained within 10 %; uni
formly distributed calibration points can improve precision to within 
5 %; pipe case testing demonstrates achievable accuracy of 4.71 %.

Although this study has achieved promising results with the 3D 
alignment system for 3D LDV, the system’s performance depends on 
several environmental and target factors. The system requires adequate 
lighting conditions to ensure optimal laser spot detection and camera- 
based tracking accuracy. Additionally, it depends on the surface 
reflectivity of the target object, requiring a diffusely reflective surface 
with moderate reflectivity. The system cannot reliably measure surfaces 
that are either rough surfaces (causing excessive speckle noise) or highly 
specular surfaces (leading to beam deflection and signal loss). Moreover, 
the system may encounter challenges when measuring structures with 
extreme surface curvature, as significant curvature can distort the laser 
spot shape and intensity distribution, thereby complicating the centroid 
extraction process and consequently degrading both control and align
ment accuracy. Furthermore, due to mirror rotation limitation, the 
current system cannot detect large-scale targets. Future research could 
involve integrating the system with a robotic arm, which would enable 
comprehensive testing of large-scale, complex structures through pro
grammed arm movements.

In summary, this paper proposes a novel method for laser control and 
3D alignment in 3D LDV. Compared to conventional approaches, this 
method achieves superior precision while eliminating the reliance on 
calibration boards. It provides a more efficient and streamlined 
approach for future development of high-precision 3D LDV.
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